Abstract. We prove that any affine ring R over a field k has full-cosupport, i.e., the cosupport of R is equal to Spec R. Using this fact, we give a complete description of all terms in a minimal pure-injective resolution of R, provided that |k| = ℵ 1 and dim R ≥ 2, or |k| ≥ ℵ 1 and dim R = 2. As a corollary, we obtain a partial answer to a conjecture by Gruson.
Introduction
Let R be a commutative Noetherian ring. We denote by D(R) the unbounded derived category of R. Note that the objects of D(R) are complexes of R-modules, which are cohomologically indexed;
The (small) support of X ∈ D(R) is defined as supp R X = p ∈ Spec R X ⊗ L R κ(p) = 0 , where κ(p) = R p /pR p . This notion was introduced by Foxby [5] . Let a be an ideal of R, and write Γ a for the a-torsion functor lim − →n Hom R (R/a n , −) on the category Mod R of R-modules. Then we have supp R RΓ a X ⊆ V (a) for any X ∈ D(R).
The cosupport of X ∈ D(R) is defined as cosupp R X = { p ∈ Spec R | RHom R (κ(p), X) = 0 } .
Benson, Iyengar and Krause [1] introduced this notion in more general triangulated categories, developing Neeman's work [13] . We write Λ a for the a-adic completion functor lim ← −n (− ⊗ R R/a n ) on Mod R. Greenlees and May [7] proved that the left derived functor LΛ a : D(R) → D(R) is a right adjoin to RΓ a : D(R) → D(R), see also [11, §4; p. 69] . It follows from the adjointness property that cosupp R LΛ a X ⊆ V (a) for any X ∈ D(R).
If M is a finitely generated R-module, then Nakayama's lemma implies that supp R M = Supp R M = { p ∈ Spec R | M p = 0 }. In particular, supp R R is nothing but Spec R. However, it is not easy to compute cosupp R R in general.
Since LΛ a R ∼ = Λ a R, the cosupport of Λ a R is contained in V (a). Hence we have cosupp R ⊆ V (c R ), where c R denotes the sum of all ideals a such that R is a-adically complete. In [15, Question 6.13] , Sather-Wagstaff and Wicklein questioned whether the equality cosupp R R = V (c R ) holds for any commutative Noetherian ring R or not. Thompson [16, Example 5.6 ] gave a negative answer to this question. He proved that if k is a field and
, then cosupp R R is strictly contained in V (c R ). Moreover, it was also shown that the cosupport of this ring is not Zariski closed.
Following [16] , we say that a commutative Noetherian ring R has full-cosupport if cosupp R R is equal to Spec R. Let k be a field and R be the polynomial ring k[X 1 , . . . , X n ] in n variables over k. Then, since c R = (0), we expect that cosupp R R = Spec R. Indeed, this is true. Theorem 1.1. Let k be a field and n be a non-negative integer. The polynomial ring k[X 1 , . . . , X n ] has full-cosupport.
This fact was known in the case where n ≤ 2 or k is at most countable, see [16, Theorem 4.11] . See also [15 We say that R is an affine ring over a field k if R is finitely generated as a kalgebra. By Theorem 1.1, we can show the following corollary, which is the main result of this paper. Corollary 1.2. Any affine ring over a field has full-cosupport.
In Section 2, we prove the two results above. Section 3 is devoted to explain some relationship between cosupport and minimal pure-injective resolutions. Section 4 contains applications of the main theorem. Let k be a field with |k| = ℵ 1 and R be an affine ring over k such that dim R ≥ 2. We specify all terms of a minimal pureinjective resolution of R. As a corollary, it is possible to give a partial answer to Gruson's conjecture. Suppose that R is a polynomial ring k[X 1 , . . . , X n ] over a field k. The conjecture states that Ext i R (R (0) , R) = 0 if and only if i = inf { s + 1, n }, where s is defined by the equation |k| = ℵ s if k is infinite, and s = 0 otherwise. We prove that this conjecture is true when inf { s + 1, n } = 2.
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Proof of main result
We start with the following lemma.
Lemma 2.1 (Thompson [16, Lemma 4.4] ). Let ϕ : R → S be a morphism of commutative Noetherian rings. Suppose that ϕ is finite, i.e., S is finitely generated as an R-module. Let f : Spec S → Spec R be the canonical map defined by f (q) = ϕ −1 (q) for q ∈ Spec S. Then, there is an equality
In other words, for q ∈ Spec S, we have q ∈ cosupp S S if and only if f (q) ∈ cosupp R R.
In the next section, we will give an outline of the proof of this lemma, provided that R has finite Krull dimension.
Remark 2.2. Let R be a commutative Noetherian ring. We denote by 0 R the zero element of R. The following statements hold by Lemma 2.1.
(i) Let p be a prime ideal of R. Then we have (0 R/p ) ∈ cosupp R/p R/p if and only if p ∈ cosupp R R.
(ii) Let S be an integral domain. Suppose that there is a finite morphism ϕ : R → S of rings such that ϕ is an injection. Then we have (0 S ) ∈ cosupp S S if and only if (0 R ) ∈ cosupp R R.
We next recall a well-known description of local cohomology viaČech complexes. Let R be a commutative Noetherian ring and a be an ideal of R. Let x = {x 1 , . . . , x n } be a system of generators of a. In D(R), RΓ a R is isomorphism to the (extended)Čech complex with respect to x;
Here, for an element y ∈ R, R y denotes the localization of R with respect to the multiplicatively closed set 1, y, y 2 , . . . . See [10, Lecture 7; §4] for details.
Remark 2.3. Let k be a field and n be a non-negative integer.
Let R be a commutative Noetherian ring. For p ∈ Spec R, E R (R/p) denotes the injective envelope of R/p. Moreover, when R is an integral domain, we denote by Q(R) the quotient field of R.
Proof of Theorem 1.1. Set R = k[X 1 , . . . , X n ] and take p ∈ Spec R. We have to prove that p ∈ cosupp R R. By Remark 2.2 (i), this is equivalent to showing that (0 R/p ) ∈ cosupp R/p R/p. In addition, Noether normalization theorem yields a finite morphism ϕ : k[X 1 , . . . , X m ] → R/p of rings such that ϕ is an injection, where dim R/p = m. Therefore, by Remark 2.2 (ii), it is sufficient to show that (0 R ) ∈ cosupp R R for any n ≥ 0.
We assume that (0 R ) / ∈ cosupp R R for some n ≥ 0, and deduce a contradiction. Let p be a prime ideal of S = k[X 1 , . . . , X n+1 ] with dim S/p = n. Noether normalization theorem yields a finite morphism ψ : R → S/p of rings such that ψ is an injection. Hence we have (0 S/p ) / ∈ cosupp S/p S/p by the assumption and Remark 2.2 (ii). Consequently, for any y ∈ R, it follows from Remark 2.3 that (0 Ry ) / ∈ cosupp Ry R y . In other words, we have RHom
Then RΓ m R is isomorphic to theČech complex with respect to x = {X 1 , . . . , X n }. Hence we have RHom R (Q(R), RΓ m R) = 0 by the above argument. However, there is an isomorphism
. This is a contradiction.
Proof of Corollary 1.2. If a commutative Noetherian ring R has full-cosupport, Lemma 2.1 implies that R/a has full-cosupport for any ideal a of R. Therefore, this corollary follows from Theorem 1.1.
Remark 2.4. Let k be a field and R be an affine ring over k. Let y ∈ R. We see from Corollary 1.2 and Remark 2.3 that R y has full-cosupport.
Question 2.5. Let k be a field and n be a non-negative integer. Set R = k[X 1 , . . . , X n ], and let U be a multiplicatively closed subset of R. Does the ring U −1 R have full-cosupport?
A commutative ring R is said to be essentially of finite type over a field k when R is a localization of an affine ring over k. If the question above is true, then any ring essentially of finite type over k has full-cosupport, by Corollary 1.2.
Remark 2.6. Let R be a commutative Noetherian ring with finite Krull dimension and X ∈ D(R) be a complex with finitely generated cohomology modules. As shown in [16, Corollary 4.3] , there is an equality cosupp R X = supp R X ∩ cosupp R R, see also [15, Theorem 6.6] . Hence, if R has full-cosupport, then we have cosupp R X = supp R X, so that the cosupport of any finitely generated R-module M is Zariskiclosed, since supp
is not Zariski-closed for n ≥ 0, where k is any field. Hence the following question naturally arises.
Question 2.7. Let R be any commutative Noetherian ring. Is the cosupport of R specialization-closed?
Cosupport and Minimal pure-injective resolutions
In this section, we summarize some known facts about cosupport and minimal pure-injective resolutions.
Let R be a commutative Noetherian ring. For p ∈ Spec R and X ∈ D(R), it is well-known that the following bi-implications hold;
See [6, Theorem 2.1, Theorem 4.1]. In loc. cit., it is also shown that these conditions are equivalent to saying that LΛ p X p = 0. Thus, setting X = RHom R (R p , Y ) for Y ∈ D(R), one can deduce the following lemma.
Lemma 3.2. For p ∈ Spec R and Y ∈ D(R), the following bi-implications hold; For an R-module M and an ideal a of R, we denote by M ∧ a the a-adic completion Λ a M = lim ← − M/a n . In addition, for the localization M p at a prime ideal p, we also write M p = Λ p M p . Let B = 0 be some cardinality and B E R (R/p) be the direct sum of B-copies of E R (R/p). We remark that supp R B E R (R/p) = {p}. Furthermore there is an isomorphism There are two known formulas for such an R-module p∈Spec R T p . Take q ∈ Spec R, and write U (q) = { p ∈ Spec R | p ⊆ q }. It then holds that
One can deduce the first one from (3.3) and tensor-hom adjunction in Mod R. Furthermore, the other one holds since Λ q = lim ← − (− ⊗ R R/q n ) commutes with arbitrary direct products in Mod R.
A morphism f : M → N of R-modules is called pure if f ⊗ R L is an injective map for any R-module L. We say that an R-module P is pure-injective if Hom R (f, P ) is a surjection for any pure morphism f : M → N . It is easily seen that any pure-injective module is cotorsion.
Let (0 → M → P 0 → P 1 → · · · ) be an exact sequence of R-modules. If every P i is pure-injective, then we call the complex P = (0 → P 0 → P 1 → · · · ) a pureinjective resolution of M . Since each P i is cotorsion, we have RHom R (F, M ) ∼ = Hom R (F, P ) in D(R) for a flat R-module F . Any R-module M has a pure-injective envelope, so that there exists a minimal pure-injective resolution of M , which we denote by (0
is isomorphic to the direct product of the p-adic completion of a free R p -module for p ∈ Spec R. See [4, §6.7, §8.5] for more details. 
(ii) Let P be a minimal pure-injective resolution of F , where
where
Lemma 3.5 follows from Lemma 3.2, Remark 3.6 and the next fact.
Lemma 3.7. Let F be a flat R-module and P be a minimal pure-injective resolution of F . Then the differentials of Hom R (R p , P ) ⊗ R κ(p) are zero. 
Proposition 3.9. Suppose that ϕ : R → S is a finite morphism of commutative Noetherian rings. Let P be a minimal pure-injective resolution of a flat R-module F . Then P ⊗ R S is a minimal pure-injective resolution of F ⊗ R S in Mod S.
See [4, Theorem 8.5.1] for the proof.
Finally, we give an outline of the proof of Lemma 2.1. Let ϕ : R → S and f : Spec S → Spec R be as in the lemma. For simplicity, we assume that the Krull dimension of R is finite. Let B p be some cardinality for each p ∈ Spec R. Then it holds that
where B q = B p if f (q) = p. This follows from (3.3) and the following isomorphism; 
Applications
In this section, we give a complete description of all terms in a minimal pureinjective resolution of an affine ring R over a field k, where |k| = ℵ 1 and dim R ≥ 2, or |k| ≥ ℵ 1 and dim R = 2. Consequently we obtain a partial answer to the following conjecture by Gruson, which is stated in the recent paper [18] of Thorup.
Conjecture 4.1. Let k be a field. We define s by the equation |k| = ℵ s of cardinalities if k is infinite, and s = 0 otherwise. Let n be a non-negative integer, and
If k is at most countable or n ≤ 1, i.e., inf { s + 1, n } ≤ 1, then this conjecture is true, see [18, §1; 1] . In this section, we shall prove the following theorem, which implies that the conjecture is true in the case that inf { s + 1, n } = 2. Proof. Set n = dim S and R = k[X 1 , . . . , X n ]. Noether normalization theorem yields a finite injection ϕ : R → S. Write f : Spec S → Spec R for the canonical map induced by ϕ. Let P be a minimal pure-injective resolution of R. Using Remark 3.6 (i) and Remark 3.8, we write
. By Proposition 4.3, we have Ext 1 R (Q(R), R) = 0, so that B 1 (0R) = 0. In other words, it holds that
Recall that P ⊗ R S is a minimal pure-injective resolution of S by Proposition 3.9. Moreover, since f (0 S ) = (0 R ), we see from (3.10) that Hom S (Q(S),
Using this corollary, we can show the next result.
Corollary 4.5. Let k be an uncountable field and R be an affine ring over k. If p ∈ Spec R with dim R/p ≥ 2, then we have
Let P be a minimal pure-injective resolution of R. By Remark 3.6 (ii) and (3.10), we see that there is an isomorphism of complexes;
Since P ⊗ R R/p is a minimal pure-injective resolution of R/p by Proposition 3.9, it follows that 
This is a general form of the last isomorphism in the proof of Corollary 4.5.
Let R be a commutative Noetherian ring. Using Remark 3.6 (i), we write
Remark 4.7. When R is an affine ring over a field, Corollary 1.2 and Lemma 3.5 implies that for any p ∈ Spec R there exists an integer i ≥ 0 such that the component
Let k and s as in Conjecture 4.1. Assume that R is an affine ring over k with n = dim R. By [8, II; Corollary 3.3.2], the projective dimension of any flat Rmodule is at most s + 1. Thus, we see from Remark 3.6 and Lemma 3.7 that the pure-injective dimension of R is at most inf { s + 1, n }, that is, P E i (R) = 0 for i > inf { s + 1, n }. See also [8, II; Corollary 3.2.7] and [4, Theorem 8.4.12] . In particular, when inf { s + 1, n } = 0, i.e., R is a 0-dimensional affine ring, then R is pure-injective. Now we suppose that inf { s + 1, n } = 1. This means that k is at most countable and n ≥ 1, or k is any field and n = 1. Then the minimal pure-injective resolution of R is of the form
In this case, it was essentially known that T 1 p = 0 for any p ∈ W ≥1 . One can also deduce this fact by Remark 4.7.
Next we consider the case that inf { s + 1, n } ≥ 2. Combining Remark 3.8, Corollary 4.5 and Remark 4.7, we can obtain the proposition below.
Proposition 4.8. Let k be an uncountable field and R be an affine ring over k with dim R ≥ 2. Using Remark 3.6 (i), we write P E
where T 1 p = 0 for all p ∈ W 1 . This proposition extends Enochs's result [3, Theorem 3.5] , in which he proved this fact for polynomial rings over the fields of complex numbers and real numbers.
Finally we focus on the case that inf { s + 1, n } = 2. By Remark 4.7 and Proposition 4.8, we have the following result. Theorem 4.9. Let k be an uncountable field and R be an affine ring over k with dim R ≥ 2. Assume that |k| = ℵ 1 or dim R = 2. Using Remark 3.6 (i), we write P E i (R) = p∈W ≥i T Note that the above assumption for R is the same as in Theorem 4.2.
Proof of Theorem 4.2. Since dim R/p ≥ 2, we see that U (p) ∩ W 0 = ∅, U (p) ∩ W 1 = ∅ and U (p) ∩ W ≥2 = U (p). Therefore, setting P as the minimal pure-injective resolution in Theorem 4.9, we obtain the following isomorphisms in D;
RHom R (R p , R) ∼ = Hom R (R p , P ) ∼ = Under the assumption that inf { s + 1, n } ≥ 2, Thorup [18, Theorem 13] also showed that Ext 1 Rm (Q(R), R m ) = 0, where m is any maximal ideal of R. Therefore, provided that inf { s + 1, n } = 2, it is enough to solve Question 2.5 in order to prove the local version.
